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A mathematical model of explosive generated waves in rock 
is needed in many areas of engineering endeavor. Investigations 
to date have been unsuccessful in obtaining a model that satis-
factorily represents real wave phenomena at all radial distances 
and in all of the important characteristics. 
In this investigation, spherical waves in elastic and Voigt 
media were investigated. Series solutions for plane waves in a 
three-element viscoelastic medium were obtained. A dual expo-
nential pressure pulse, P(t) • Po(e-at_e-~t), was assumed be-
cause it can exhibit significant features of real pressure pulses 
while avoiding instantaneous rise time, which is an objectionable 
feature of some of the models frequently employed in the liter-
ature. 
The most significant correlation of elastic and real waves 
was their similar decay rates for peak values of particle velocity 
and displacement at large radial distances. At intermediate dis-
tances, Voigt waves exhibited pulse lengthening and peak value 
attenuation rates similar to those reported for real waves, but 
the arrival time was much too early. 
It was concluded that elastic and Voigt spherical waves, and 
three-element viscoelastic plane waves are not sufficient to repre-
sent explosive generated waves in rock. On the basis of this and 
other investigations cited in the literature it appears that a 
mechanism for attenuation other than, or in addition to, viscosity 
will be needed to satisfactorily represent waves in rock. 
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CHAPTER I 
INTRODUCTION 
Real Earth Waves. Many areas of engineering endeavor are 
affected either directly or indirectly by the effects of ex-
plosive generated waves in rock masses. The civil engineer and 
the mining engineer are concerned not only with the breakage and 
removal of materials with explosives, but must also concern them-
selves with undesirable side effects in surrounding areas such as 
foundation and structural damage, and damage to utilities. Mine 
and tunnel supports of all types are vulnerable to blast damage, 
particularly where they are subjected to repeated blasting ef-
fects. Explosive generated waves can fracture and weaken nat-
ural rock pillars and roof, and may lead to spalling or slabbing 
if the blast is of sufficient intensity or repeated often enough. 
Geophysicists are also concerned with wave motion through 
rock masses. The seismologist interested in seismic prospect-
ing utilizes explosive generated waves in his investigations and 
the earthquake seismologist studies naturally occurring and man-
made waves in the crust of the earth. 
Engineers involved with the design of underground and above 
ground protective structures are intimately concerned with the 
problem of wave propagation through rock masses. Military en-
gineers are frequently faced with the opposite problem, that of 
destroying underground fortifications and tunnels. 
2 
Theoretical analyses of wave motion in solid media have 
generally been made starting with the assumption that the wave 
front is either plane or spherical. 
The simplest mathematical model, the elastic, has been in-
vestigated in considerable detail. The plane wave elastic prob-
lem is relatively simple, and is found in many mathematics texts 
on partial differential equations and transform calculus. The 
elastic plane waves offer a first approximation of wave shape in 
real materials, but no mechanism for attenuation; therefore, 
~ 
the wave shape and amplitude remain constant with travel distance. 
Literature Review. The spherical elastic problem has been 
investigated extensively. Sharpe (1) used the Fourier integral 
to obtain the displacement caused by a unit step pressure pulse; 
he then obtained the displacement for several other pressure 
pulses using the solution for the unit step in conjunction with 
Duhamel's integral. Duvall (2) investigated spherical elastic 
waves caused by a dual exponential pressure pulse of the form 
P(t) =Po [ e-at_e-St]. He compared theoretically predicted 
strain waves with experimentally determined values. Goldsmith 
(3) made an extensive investigation of spherical elastic waves 
generated by a single decay exponential pressure pulse, 
P(t) -at = Po e Experimental evidence shows that waves gener-
ated by explosive sources are not adequately described by elas-
tic wave theory, particularly at small distances from the ex-
plosion. 
3 
Since the elastic model has been shown to be inadequate, 
many other models have been proposed which include mechanisms 
for damping or attenuation. In addition to his extensive dis-
cussion of elastic wave phenomena, Kolsky (4) discusses in-
ternal friction mechanisms including viscoelastic and plastic 
theory. Bland (5) investigated the linear viscoelastic models 
and discusses the correspondence principle between the elastic 
and linear viscoelastic solutions. Clark (6) summarizes the 
progress to date on elastic, solid friction, and viscoelastic 
wave phenomena. Much of the effort to obtain a better model 
has centered around the viscoelastic models. These models can 
be represented physically by parallel and series combinations 
of linear springs and dashpots (Appendix A). 
Most of the published literature dealing with viscoelastic 
models has been concerned with plane wave propagation. Most of 
this work has been purely mathematical and solutions were gener-
ally left in terms of complicated integral transforms or convo-
lution integrals. 
Some of the most significant work, involving theoretical 
solutions and numerical evaluation, on the Voigt model (a spring 
in parallel with a dashpot) has been done by Collins (7) in his 
study of plane Voigt waves; Rupert (8), Clark and Rupert (9) 
and Clark, Rupert, and Jamison (10) in their studies of plane 
and spherical Voigt waves. 
Other studies of plane wave propagation in a linear 
4 
viscoelastic medium include the investigations of the Maxwell 
model (a spring and a dashpot in series) by Lee and Kanter (11) 
using Laplace transforms and the method of images to solve fin-
ite rod problems. Hanin (12) obtained single infinite series 
solutions for displacement in a plane Voigt medium, assuming 
a unit impulse displacement function. The Voigt and three-
element viscoelastic models were investigated by Morrison (13), 
and integral solutions for the velocity and stress were obtained. 
Glauz and Lee (14) employed the method of characteristics to ob-
tain numerical solutions for the four element model sometimes 
called the Burger model (a Maxwell model in series with a Voigt 
model). They determined stresses, strains, and velocities for 
a ·semi-infinite bar subjected to a constant velocity at one end. 
Lee and Morrison (15) obtained integral solutions for stresses 
in viscoelastic rods of semi-infinite extent subjected to constant 
velocity and constant stress conditions at the free end. Their 
investigations include elastic, viscous, and two, three, and 
four element viscoelastic models using Laplace transforms in the 
solutions. Uniaxial wave propagation in a three element linear 
viscoelastic material was investigated by Arenz (16) using an 
extension of the Schapery collocation inversion method. He states 
that such a simple model is not sufficient to represent real vis-
coelastic properties of materials such as polyurethane. Berry 
and Hunter (17) discuss the general· viscoelastic model and give 
integral solutions for several boundary conditions for finite 
5 
and semi-infinite rods. Allen and Robinson (18) investigated 
the problem of a plane wave interacting with a spherical cavity. 
They assumed both elastic and viscoelastic media and used a 
numerical inversion similar to the method of Papoulis. 
The spherical viscoelastic wave problem has been investi-
gated to a much lesser extent than has the plane wave problem. 
In addition to the references previously cited on the spherical 
Voigt model, Lee (19) investigated the Voigt model but altered 
it by the introduction of a 'constant loss factor'. Berry (20) 
obtained an integral solution for the displacement for the spher-
cial symmetric wave problem using as his model 'a kind of Maxwell 
solid'. Lockett (21) investigated the general viscoelastic model 
for spherical wave propagation and obtained solutions by numer-
ical integration. 
There has been very little effort, reported in the litera-
ture, correlating theoretical and real wave phenomena in rock. 
None of the investigators has reported a model which satisfact-
orily represents real wave phenomena in rock, except under very 
restricted conditions. 
Objectives of the Investigation. The objectives of this in-
vestigation were essentially four fold: (a) to select a mathe-
matical model for an explosive generated pressure pulse that is 
desirable both from a mathematical and experimental point of view; 
(b) to conduct a parameter study of spherical symmetric elastic 
waves generated by that pressure pulse; (c) to conduct a 
6 
parameter study of spherical waves in a Voigt medium generated 
by the same pressure pulse and to compare Voigt waves with elas-
tic and real earth waves and; (d) to develop series solutions 
for plane waves in a three-element viscoelastic medium (an elas-
tic element in series with a Voigt model) for unit impulse, unit 
step, single and dual decay exponential pressure pulses. 
A detailed discussion of pressure pulses and the selection 
of a mathematical model that conforms reasonably well with ob-
served phenomena, while avoiding the mathematical objection of 
instantaneous rise time, is given in Chapter II. 
The parameter studies of the elastic and Voigt spherical 
waves include studies of the effects o£ variation of pressure 
pulse parameters, elastic and viscoelastic properties, cavity 
radius, radial distance, and time. Five radial properties of 
the wave motion were studied: displacement, particle velocity, 
acceleration, stress, and strain. A parameter study of spherical 
elastic wave propagation is desirable from the standpoint of bet-
ter understanding theoretical wave phenomena and to give a basis 
for comparison for the viscoelastic models, particularly the 
Voigt. The elastic parameter study is given in Chapter III and 
the Voigt spherical study in Chapter IV. 
Chapter V is devoted to the solution of the three-element 
plane wave problem. Double series solutions for the unit impulse 
and unit step pressure pulses are given. Triple series solutions 
were required for the single decay exponential pressure pulse. 
7 
Solutions for the dual exponential pressure pulse were obtained 
by superposition of two single decay exponential pressure pulse 
solutions. 
The figures have been included at the end of the respective 
chapters in which they are discussed. 
CHAPTER II 
MATHEMATICAL MODELS OF EXPLOSIVE GENERATED PRESSURE PULSES 
Requirements of the Model. One of the first problems en-
countered in the study of waves originating from an explosive 
or other transient source is that of finding a suitable mathe-
matical model to represent the pressure pulse. This selection 
is governed by the physical phenomena, as well as by the degree 
of difficulty encountered in solving the resulting boundary 
value problem. Solutions of wave equations in the transform 
plane, using Laplace transforms, are relatively easy to obtain, 
but inversion to the time plane is generally quite difficult. 
The selection of a mathematical model has frequently been made 
on the basis of the path of least resistance, from a mathemat-
ical point of view. 
The problem reduces to that of finding as simple a mathe-
matical model as is possible while still representing the pres-
sure pulse to an acceptable degree of accuracy. 
The selection is hampered by lack of knowledge about the 
pressure time relationship very near an explosive source. Phys-
ical measurements show that the general characteristics of an 
explosive generated pressure pulse include an extremely rapid 
rise time to peak pressure and a much slower decay rate. Cole 
(22) gives several examples of experimentally determined pres-
sure pulses caused by underwater explosions. 
The selection of a pressure pulse model is further 
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complicated by the fact that very near a high explosive or nu-
clear explosive detonation the medium is vaporized, and at lar-
ger distances it is crushed. Elastic or viscoelastic wave 
phenomena, therefore, would not apply at distances very near the 
detonation but might be applicable at distances greater than an 
effective cavity radius a. The pressure pulse at the effective 
cavity radius is therefore needed in the study of elastic and 
viscoelastic wave phenomena generated by an explosive source. 
The effective cavity radius 1s also needed and it probably de-
pends on the properties of the medium, and the type, size, and 
geometry of the explosive. Very little research has been done 
in determining effective cavity radius. 
Unit Impulse Function. Frequently in the literature, the 
unit impulse (Dirac delta function) has been used to represent 
a very sharp pressure pulse. Collins (23), for example, used the 
unit impulse to represent a hammer blow. Tse, Morse, and Hinkle 
(24) state that the unit impulse can be used to represent pheno-
mena such as impact, provided the duration of the impact is very 
short compared with the natural frequency of the system. It can 
be formally defined as a function'with the properties: 
0 (t - to) = 0 t~to 
00 -oo~(t - to)dt = 1 (1) 
I<S(t - to) f ~ e-toS 
10 
Unit Step Function. The unit impulse is closely related 
to another discontinuous ~unctio~, the unit step function (Heavi-
side's step function). The unit step function has the proper-
ties: 
H (t - to) = 
l H (t - to) t ~ 
H (t -to) 
0 t < to 





It can be shown that the unit impulse function is the first 
derivative of the unit step function with respect to time. 
Q (t - to) = H' (t - to) (3) 
The first derivative of the unit impulse with respect to time 
.is sometimes encountered in the literature and it is generally 
referred to, in mechanics applications, as a doublet of unit 
movement. Higher derivatives are seldom encountered in engineer-
ing literature. 
The unit step function and the unit impulse function both 
belong to a generalization of function.s called distributions. 
Rigorous treatments of the properties and transforms of these 
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~unctions' are lengthy and involved, and considerable mathe-
matical controversy has been connected with the unit impulse. 
These 'functions' are discussed in most operational mathematics 
books, vibrations books, and many other books dealing with app-
lied mathematics. [ Ref. Churchill (25)] . 
The unit impulse is often the simplest mathematical model 
to use for representing a pressure pulse when operational methods 
are employed. It is, however, not always a desirable model be-
cause of the instantaneous rise and fall times. This instantan-
eous rise time leads to some undesirable effects in the mathemat-
ical models for wave propagation; for example, an instantaneous 
finite value of particle velocity with the arrival of the wave 
front in the elastic wave problem. 
Solutions based on the unit impulse and unit step 'functions' 
are useful however, as they can be employed to obtain the solu-
tions for other forcing functions by means of convolution. 
Single Decay Exponential. The single decay exponential, 
-at P(t) = Po e , comes somewhat closer to representing the type 
pressure pulse that experimental evidence and intuition would 
lead one to expect. Probably the greatest objection to this 
model is the instantaneous rise time that was found in the pre-
vious two models. 
Sharpe (26) employed the single decay exponential to repre-
sent a pressure pulse, and then let a = 0 to obtain the solutions 
for the unit step function. Goldsmith (27) represented an explo-
sive pressure pulse by a single decay exponential, in his study 
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of spherical elastic wave propagation. 
Examples of the single decay exponential are given in Fig-
ure 1, with Po equal to one. The decay exponential can be scal-
ed timewise by dividing ~ by a scale factor k, which simply ex-
pands the time scale by the factor k. 
Dual Decay Exponential. A combination of two decay exponen-
tials of the form 
s >a. (4) 
gives a reasonable pressure pulse shape with considerable flex-
ibility. This function has the advantage of being relatively 
simple mathematically, continuous, and easily scaled timewise. 
It has no instantaneous rise or fall time as did the models pre-
viously discussed. This model is compatible with observed phen-
omena, as it may have a relatively fast rise time and a slower 
decay time. The rise time can be made any desired value simply 
by choosing the proper combination of a and s. Hereafter this 
model will be referred to as the dual exponential. Some examples 
are given in Figure 2. 
Time scaling can be accomplished as in the case of the single 
decay exponential, by dividing the constants ~ and S by the scale 
factor k. 
Duvall (28) represented an explosive generated pressure pulse 
by the dual exponential in his stu~ies of spherical elastic wave 
propagation. 
Figures 3, 4, and 5 show some of the interesting and useful 
L 
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properties of the dual exponential pressure function. Figure 3 
gives the relationship between the ~/a ratio and the time to 
the peak amplitude for several different values of a. Mathemat-
ically, the time to the peak amplitude is 
t = ln((3/a) / [ o (S/o -1)]. p ( 5) 
Figures 4 and 5 give information that is useful in analy-
zing the rate of decay of the dual exponential pressure pulse. 
Figure 4 is a graph of the ratio of the time for the function 
to deteriorate to one-half of its maximum value to the time to 
maximum amplitude versus the S/o ratio. The elapsed times to 
one-half the maximum amplitude were taken from computed values 
of the dual exponential and therefore were only approximate. 
Figure 5 is similar to Figure 4 except that the time for the func-
tion to reach one-fifth of its maximum amplitude was used. Curves 
of the type in Figures 3, 4, and 5 would be useful for fitting a 
dual exponential to an experimentally measured pressure pulse. 
The functions represented in Figures 4 and 5 appear to be straight 
line functions and were approximated as such. 
The slope of the pressure pulse at t = 0 is also of interest, 
and it is quite easily shown that its value is a-a. The maximum 
value of the pressure pulse is 
(6) 
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It is therefore convenient to choose 
Po = (7) 
so that the maximum value of the dual exponential pressure pulse 
will be unity. In all of the investigations in this thesis, the 
value of Po was chosen such that the maximum value of the pres-
sure function was equal to unity, in order to facilitate compar-
isons. 
In addition to the afore mentioned properties of the dual 
exponential pressure pulse, it can be made to approach the unit 
impulse by making both a and B/a large. It approaches the unit 
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CHAPTER III 
TRANSIENT SPHERICAL WAVES IN AN ELASTIC MEDIUM 
Scope of the Investigation. Transient spherical waves 
were investigated in detail in an attempt to gain understand-
ing of wave propagation originating from a spherical explosive 
source in an elastic medium. It is well known that the elastic 
model is not, in general, an exact model for wave propagation. 
A more thorough understanding of transient elastic waves is de-
sirable, however, from the standpoint of gaining insight into 
explosive wave phenomena. It can also be employed as a basis 
of comparison for the more complex and hopefully more realistic 
models, such as the Voigt model, or others which will simulate 
real earth waves. 
It is necessary to carefully define the limits of an in-
vestigation of this nature since there is an infinity of para-
meter combinations that could be investigated. An examination 
of the parameters involved will illustrate the problem. A 
choice of wave parameters (eg. particle velocity, displacement, 
etc.) and wave parameter characteristics (eg. peak value, pulse 
length, rise time, etc.) to be investigated, must be made. For 
each of the wave parameters investigated, the effects of vari-
ation of pressure pulse parameters, elastic constants and den-
sity of the medium, cavity radius, radial distance, and time 
can be studied. 
In order to keep the investigation within reasonable 
bounds, the study was concentrated primarily on the peak values 
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of the radial wave parameters: displacement, particle velocity, 
acceleration, stress and strain. There are other parameters 
that are sometimes of interest that were not investigated, such 
as tangential stress and strain, dilatation, and strain rate. 
For purposes of this investigation, the radial parameters 
of the wave motion caused by the pressure pulse 
/3>o: (8) 
were obtained by superimposing the solutions for the pressure 
pulses P(t) = Poe-o:t and P(t) = -P 0 e-st. The reasons for this 
choice of pressure pulse are given in Chapter II. The constant 
Po was chosen such that the maximum value of the pressure pulse 
was equal to unity (equation 7). All of the numerical calcula-
tions were made using an IBM model 360 digital computer. 
In order to obtain meaningful comparisons, four realistic 
media were chosen to be studied: 
Poisson's Dilatational Density 
Medium Ratio Wave Velocity fps. slug/ft 3 
Tuff 0.09 6,262 4.00 
Sandstone 0.00 9,314 4. 98 
Granite 0.15 12,284 5.24 
Limestone 0.19 15,248 5.10 
These media were chosen because they represent a wide range of 
realistic elastic properties. The properties of the sandstone, 
granite, and limestone were based on some average properties 
for these materials obtained from Wuerker's tables (29). The 
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properties of the tuff are those of the Rainier tuff and were 
obtained from Johnson, et. al. (30). Most of the study was 
made using granite as the medium. The choice was arbitrarily 
made. Comparisons of the peak values for the other media were 
then made with the peak values for the granite. The peak values 
of the wave parameters were, in general, taken from data sets 
where a 0.5 millisecond time .interval and a fifty foot effective 
cavity radius were assumed. 
Radial Wave Parameters. Sharpe (31) determined the displace-
ment potential for spherical waves in an elastic medium generated 
by a single decay exponential pressure pulse. He assumed a 
Poisson's ratio of 0.25. Duvall (32) used Sharpe's solution and 
superposition to study spherical elastic waves generated by a 
dual exponential pressure pulse. Rupert (33) has the spherical 
elastic problem worked out in detail for a unit impulse pressure 
function. The solutions which follow are slightly more general 
than those given by Sharpe and Duvall, as no restriction has been 
placed on the value of Poisson's ratio. 
The displacement potential for spherical elastic waves gen-
erated by a single decay exponential pressure pulse P(t) = Poe-at 
is (Appendix B) 
~ = ~ I -e-~T + e-MT [cos wT + 1 sin wT] ~ (9) 
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where 
K = a Po 
[ 2 
4ac}.l 
P a - a.(>.+2ll) + ' J' 4 c 2 ll . a2{).+2JJ) 
-r = t - (r-a)/c 
M = 2cp · a().+2~) 
2c ccx+JJ)J.a i-w = (X+2t.d a 
and i 
L = [ex ~ll) J a -(l) 
The radial parameters of the wave motion can be found from 
the displacement pctential and they are: 
+ ~c l- e<e -<>< + e -MT [ (M-wL) cos WT + (ML+ro) sin roj I (10) 
v(r,t) au :: K l e-cLT + 8 -MT [ (M-wL) cos (l)t" = --z -a at r 
(ML+ w) sin WT] ~ + K l 2 -aT -MT + a e + e rc 
and 
A(r,t) = av IT 








(M 3 L-3Mw2L+3M2 w-w3) sin 
··Jf 






- r2c I -en -M-r [ . -ae + e (M-wL) cos wT + (ML+w) sin 
K I a.2e-a-r + e-MT [ C 2+2"f L "12) r c 2 . w r• w - l' cos w T 
(13) 
a(~,t) = (A+2p) £ + 2lu/r (14) 
Scaling Lmvs. Analysis of the equations and tl;e numerical 
data has shown that elastic wave parameters obey the scaling, 
• 
laws predicted by dimensional analysis. (Ref. Hubbert (34), and 
Clark (35~. If the cavity radius is scaled by a scale factor k 
and the pressure pulse is scaled tirriewise by the same fa.ctor k, 
a simple relationship exists between the parameters before and 
after scaling. If the elastic constants and density of the 
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medium, and the pressure parameter Po are held constant, the 
scaling laws can be written: 
v(r,t,a,a,~/a) = v(kr,kt,ka,a/k,S/a) 
~cr,t,a,a,S/a) = a(kr,kt,ka,a/k,S/a) 
£(r,t,a,a,S/a) = e(kr,kt,ka,a/k,S/a) (15) 




The division of a by k, and the holding constant of the S/a 
ratio, scales the dual exponential pressure pulse timewise by 
the factor k. It was found convenient to use the product of 
the cavity radius a and the pressure pulse parameter a in this 
investigation since the scaling laws are applicable for a given 
medium provided the product aa is held constant along with the 
S/a ratio. 
Cole (36) states that the 'principle of similarity' re-
quires that the pressure remain the same if the charge size, dis-
tance, and time are scaled by the factor k. He further states 
that this principle is borne out by physical tests as well as 
theory, but that it applies only for the shock wave and not for 
later phenomena. 
Analysis of Wave Parameters. Typical curves displaying the 
radial wave parameters as functions of time for several radial 
distances are given in Figures 6 th!ough 10. The peak values of 
these parameters for a granite medium are given (Figures 11 thru 
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15) as functions of radial distance for several combinations 
of aa and S/a. Peak wave parameter values for tuff, sandstone, 
granite, and limestone are compared in Figures 16 thru 20. 
The peak values of displacement (Figures 11 and 16) were 
found to be highly dependent on the cavity radius a, and in-
crease with an increase in cavity radius. A study of displace" 
ments caused by unit step and dual exponentiaJ. pressure pulses 
showed the peak displacements to be affected relatively little 
by the pressure pulse parameters a and S/a. The decay of the 
peak displacement with radial distance approaches an inverse 
_l 
first power relationship (up~r ) at large radial distances. 
The peak particle velocity decay is also approximately in-
versely proportional to the radial distance (Figures 12 and 17). 
The decay rate is affected very little by radial distance, ~~ 
B /a, or the properties of the medium. The decay rate is, how-
ever, slightly greater than the inverse first power of the dis-
tance for small radial distances and small aa. The peak value 
increases with decreasing rise time of the pressure pulse. The 
limiting case is given by the single decay exponential pressure 
pulse, which has an instantaneous rise time at the pressure pulse 
arrival. The peak values of the particle velocity for the single 
decay exponential pressure pulse were found to be independent of 
a, and to decay exactly as the inverse first power of the radial 
distance (v ocr- 1 ). The peak particle velocity curve for the p 
single decay exponential pressure pulse was shown (Figure 12) 
in order to establish an upper limit to the values obtained 
from the dual exponential pressure pulse. 
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The peak values of acceleration (Figures 13 and 18) for 
the dual exponential pressure pulse were found to decay at a 
rate exactly inversely proportional to the radial distance 
-1 (Ap«r ), independent of the pressure pulse parameters and the 
medium. The magnitude, however, depends on a and s/~, for a 
given medium. The peak acceleration increases with an increase 
in cr and S/a. It increases directly proportional to a if the 
S/a ratio is held constant. The peak acceleration occurs at 
T = 0, which corresponds to the arrival time of the wave front 
~n an elastic medium at t = (r-a)/c. 
The decay rate of the peak values of stress (Figures 14 
and 19) becomes inversely proportional to the radial distance 
as the time to the peak value of the pressure pulse decreases 
(ie. as a and ~/a increase). The decay rate also approaches 
the inverse first power of the distance as the cavity radius 
and radial distance become large. The limiting value, as 
in the case of peak velocity, is g~ven by the single decay ex-
ponential pressure pulse (Figure 14). The peak stress was found 
to be independent of the value of a for the single decay exponen-
tial pressure pulse and it results in a decay rate inversely pro-
portional to the radial distance, independent of a. 
Peak strains (Figures 15 and 20) are approximately propor-
tional to the peak stresses at radial distances greater than two 
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or three cavity radii. The peak strains, as the peak stresses, 
approach a decay rate inversely proportional to the radial dis-
tance with large aa, a/a, and radial distance. The upper 
limiting values of peak strains are given (Figure 15) by the 
curve for the single decay exponential pressure pulse. At rad-
ial distances greater than two cavity radii the peak strain de-
cays inversely proportional to the radial distance, independ-
ent of a, for the single decay exponential pressure pulse. 
Studies of the effects of varying the dilatational wave 
velocity and Poisson's ratio, showed the peak wave parameters 
to be affected greatly by changes in the wave velocity but rel-
atively little by changes in Poisson 1 s ratio. A decrease in 
the dilatational wave velocity caused an increase in all of the 
peak wave parameters investigated. An increase in Poisson 1 s 
ratio caused an increase in the peak values of displacement, 
particle velocity, and strain, but caused no change in the peak 
values of acceleration. 
Peak values of particle velocity, strain, and stress were 
found to be in phase with one another for large radial distances 
(about two or three cavity radii and beyond for the cases stud-
ied). The peak stresses are not nearly as dependent on the prop-
erties of the medium as are the other wave parameters, but they 
are primarily dependent on those of the pressure pulse. The 
peak strain is highly dependent on the medium. 
The oscillatory nature of the wave parameters was found to 
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increase with radial distance; an observation in agreement with 
Duvall (37). The elapsed time from the arrival of the wave front 
until the wave parameter crosses the zero axis (pulse length) is 
a function of the pressure pulse shape, radial distance, cavity 
radius, and the properties of the medium. The pulse length de-
creases with an increase in radial distance and wave velocity. 
The properties of the medium have little affect on the de-
cay rate of the peak values of the displacement and particle 
velocity, and no affect on the decay rate of the acceleration. 
The decay rate of the peak strain is affected considerably by 
the properties of the medium at small radial distances but not 
significantly at larger distances. The peak stress is also in-
fluenced considerably at very small radial distances, with more 
rapid decay rates for larger values of wave velocity. 
Comparison with Real Waves. Explosive generated waves in 
rock are not, in general, adequately described by spherical 
elastic wave theory. At large radial distances, however, the 
attenuation of peak particle velocity and peak displacement for 
elastic waves approached that reported for real waves. [Ref. 
Sauer (38)] 
Investigations, reported by Sauer, of waves generated by 
high explosive and nuclear explosive detonations show that at 
small to intermediate distances the attenuation rates of the peak 
values of displacement, particle velocity, and acceleration are 
considerably greater than those predicted by elastic theory. 
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Some data on real wave phenomena and peak value attenuation 
rates are given in Appendix D. 
In addition to the differences in attenuation rates; 
elastic wave pulse lengths exhibit shortening with travel dis-
tance whereas real waves lengthen. Elastic waves show abrupt 
arrivals of the wave front (slope of the wave parameter with 
time) compared to real waves. 
Elastic wave theory might legitimately be used as a first 
approximation of real waves at large radial distances provided 
appropriate values of a and Po could be found. In view of the 
relatively small affect of changes in Poisson's ratio and the 
fact that most rocks do not differ too significantly in density, 
analysis could be made on the basis of average values of these 
parameters. In view of the afore mentioned, changes in elastic 
waves from one medium to another could be considered to be func-
tions of only the wave velocity of the medium. 
The figures which follow (Figures 6 through 20) were 
discussed in this chapter and were obtained from equations 
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Figure 6. Displacement vs. time for spherical waves in a granite elastic 
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Figure 7. Particle velocity vs. time for spherical waves in a granite 
elastic medium for a normalized dual exponential pressure pulse, 



















Figure 8. Acceleration vs. time for spherical waves in a granite elastic 
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Figure 9. Stress vs. time for spherical waves in a granite elastic medium 
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Figure 10. Strain vs. time for spherical waves in a granite elastic 

























Figure 11. Peak displacement vs. radial distance 
for spherical waves in a granite elastic medium 


















Figure 12. Peak particle velocity vs. radial 
· distance for spherical waves in a granite 















Figure 13. Peak acceleration vs. radial distance 
for spherical waves in a granite elastic 
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Figure 14. Peak stress vs. radial distance for 
spherical waves in a granite elastic medium 
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Figure 15. Peak strain vs. radial distance for 
spherical waves in a granite elastic medium 











Figure 16. Peak displacement vs. radial distance 
for spherical elastic waves in tuff, sandstone, 
granite, and limestone for a normalized dual 









Figure 17. Peak particle velocity vs. radial 
distance for spherical elastic waves in tuff, 
sandstone, granite, and limestone for a 
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Figure 18. Peak acceleration vs. radial distance 
for spherical elastic waves in tuff, sandstone, 
granite, and limestone for a normalized dual 
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Figure 19. Peak stress vs. radial distance for 
spherical elastic waves in tuff, sandstone, 
granite, and limestone for a normalized dual 











1 5 10 
r/a 
Figure 20. Peak strain vs. radial distance for 
spherical elastic waves in tuff,' sandstone, 
granite, and limestone for a normalized dual 
exponential pressure pulse, aa=3,000, S/a=4. 
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CHAPTER IV 
TRANSIENT SPHERICAL WAVES IN A VOIGT MEDIUM 
Introduction and Objectives. The uniaxial stress-strain 
relationship for the Voigt model is 
o=E(l+!_ a) Wo IT £ (16) 
where E/wo is the damping coefficient. If the elastic modulus E 
1s held constant, changes in the damping coefficient depend only 
on Wo· As wo becomes large the Voigt model approaches the elastic 
model. 
One of the purposes of this phase of the investigation was 
to determine some of the significant properties of spherical 
wave parameters; particularly, how damping affects the decay of 
the peak values of the wave parameters with radial distance. 
Voigt waves were compared to elastic and real waves in order to 
ascertain the applicability of the Voigt model in predicting wave 
phenomena. In order to facilitate comparisons with the elastic 
solutions of Chapter III, the elastic properties of granite were 
used. The comparisons of Voigt and elastic waves illustrate the 
effects of damping. 
Only approximate values of wo for rocks have been published 
1n the literature; therefore, no attempt was made to use values 
of w0 corresponding to any particular real material. Values of wo 
were chosen on the basis of the work of Clark, et al. (39) to be 
600,1200, and 6000. These values of wo were found to be suffjcient 
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to give an understanding, and to demonstrate the limited appli-
cability of the Voigt model in simulating real wave phenomena. 
Because of the large amount of computer time required, only 
one set of elastic parameters (granite) and only one value of 
aa and S/a were investigated. The studies appear to be suffi-
cient to provide an understanding of wave propagation in a Voigt 
medium, when taken in conjunction with the investigation of elas-
tic waves (Chapter III), since the Voigt model reduces to the 
elastic for large wo. 
Radial Wave Parameters. The spherical Voigt wave equation 
can be written in terms of the displacement potential ~: 
( 1 + 1 Wo 
1 
= cz- (17) 
Clark, et al. (40) give the solutions for Voigt spherical waves 
generated by a single decay exponential pressure pulse. They 
make the assumption that A=~ and A'=~', which is equivalent to 
the assumption that the viscoelastic equivalent of Poisson's 
ratio is equal to the elastic Poisson's ratio, and that its 
value is 0.25. This restriction assumes that the viscoelastic 
equivalent of Poisson's ratio is not time dependent. 
In the solutions which follow, the notation used is similar 
to that of Clark. Poisson's ratio in the Voigt problem is assumed 
to be independent of time, but no restriction has been placed on 
its value. The solutions are the same as those given by Clark 
except for the bm terms, which depend on the choice of Poisson's 
ratio. 
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In order to simplify the equations, the following sum-
mation notation was adopted: 
00 00 
n:z = I bm Rn 2(m+n+z)/2 T(m+n+z-1)/2 n! 
where 
m=o n=o 
D-n-m-z [ R/(2T)~ EXP 
EXP = exp (-T-R2/8T) 
R = wo(r-a)/c 
T = Wot 
D-n-m-z[R/(2T)~J =parabolic cylinder function of order 
(-n-m-z) [Refs. Collins (41) and 
Appendix c]. 
(18) 
The bm's are the only terms influenced by the choice of 
pressure pulse and Poisson's ratio. If the pressure pulse is 
the single decay exponential P(t) 
coefficients in the expansion 
(10 
1 




y = (1-~) 
Wo 
and 
-l4J.l lslj2 + 1. 
pacwo= f 




The radial wave parameters written in terms of the sum-
mation notation of equation 18 are: 
u(r,t) = Poa j L LL Wo [ LL LL ]{ (20) 
PWo211f l y2 5 + ~ 4 - 6 f 
v(r,t) Poa { 1 
= pwoiTI r 2 
(21) 
A(rJt) = Paa { L [II 
plw r 2 1 
+ ~ [ I2 -3l:I +3II - ri J} rc o 2 4 6 ( 22) 
t:(r,t) -Po a = J 2 II + ~ [II - II
6
] ( r3 5 r2c 4 
+ ~ [ H -zn + rc 3 s n7]} c 23) 
a(r,t) = -Poa).J {:a n3 + ~ [n -n,J p Wo 2 fi r2c 2 
t p Wo 
2 [ H 1 - 2 H, + II s]} ( 2 4) T)l 
so 
In this investigation of spherical waves in a Voigt medium, 
as in the investigation of spherical elastic waves (Chapter III), 
solutions for the dual exponential pressure pulse were obtained 
by superposition of the solutions for the pressure pulses 
P(t) = Po e-at and P(t) = -Po e-st. This superposition is just-
ified by the Boltzmann superposition principle [Ref. Kolsky (42)] 
It can also be justified mathematically in a manner similar to 
that for the spherical elastic problem (Appendix E). The trans-
form of the displacement potential for any of the linear visco-
elastic models can be obtained directly from the transformed 
elastic solution. The elastic moduli are simply replaced by the 
transforms of the corresponding viscoelastic moduli (correspon-
dence principle). The superposition discussed in Appendix B 
should therefore hold for any linear viscoelastic medium. 
Scaling Laws. Analysis of the equations of the radial wave 
parameters and numerical verification lead to the conclusion 
that Voigt waves obey the same scaling laws as elastic waves 
(equations 15), provided wo is also scaled by the factor k. The 
constant wo must be divided by the scale factor k. This change 
in we changes the viscoelastic character of the medium. No simple 
scaling laws apply to this model if the elastic and viscoelastic 
characteristics of the medium are unaltered. These conclusions 
are easily verified by dimensional analysis. 
If the elastic constants, Po, and the density of the medium 
are held constant, and a dual exponential pressure pulse is 
assumed, the scaling laws can be written: 
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v(r,t,a,a,S/a,w) = v(kr,kt,ka,a/k,B/a,w /k) 0 0 
o(r,t,a,a,S/a,w ) = o(kr,kt,ka,a/k,S/a,w /k) 0 0 
E(r,t,a,a,B/a,w ) = E(kr,kt,ka,a/k,S/a,w /k) (25) 
0 0 
A(r,t,a,a,S/a,w ) ~ k A(kr,kt,ka,a/k,S/a,w /k) 
0 0 




These scaling laws were verified for the single decay exponen-
tial and the dual exponential pressure puJses, but similar 
scaling laws should hold for other pressure pulse shapes pro-
vided they are scaled timewise. 
Comparison with Elastic Waves. Typical curves showing the 
radial displacement, particle velocity, acceleration, stress, 
and strain as functions of time are given in Figures 21 through 
25. These curves are for arbitrarily chosen values of aa = 
3,000 and S/a = 4. If w becomes large, Voigt wave characteris-
e 
tics and magnitude approach those of elastic waves (Figures 6 
through 10) . Comparisons of waves in elastic and Voigt ~edia, 
for one value of racljal distance (r = 1.5 a), are given in 
Figures 26 through 30. 
At relatively small radial distances, one to three cavity 
radii for the cases studied, the peak values of the wave para-
meters for the elastic waves occur earlier than the correspond-
ing peaks for the Voigt waves. At larger radial distances, four 
to six cavi.ty radii, the peak values of particle velocity and 
stress in a Voigt medium were found to be approximately in phase 
with the corresponding elastic wave parameter peak values. 
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The acceleration peaks were observed to occur at decreasing 
values of time as the damping increases. Particle velocity 
peaks were also observed to occur earlier as the damping was 
increased, for radial distances greater than three cavity radii. 
The peak values of the wave parameters (Figures 31 through 
35) are always less for Voigt waves than for the corresponding 
elastic waves, but they approach those of elastic waves as the 
damping approaches zero (we becomes large). This fact is illust-
rated well in Figure 27, for particle velocity. 
Voigt wave parameters have the same general shape as elastic 
wave parameters, while differing in several important respects. 
The most obvious departure of Voigt waves from elastic waves is 
found in the case of accelerations at small values of time. 
Elastic wave acceleration peak value occurs instantaneously with 
the arrival of the wave front and decays quite rapidly with time; 
whereas, the acceleration in a Voigt medium starts at zero, builds 
up quite rapidly to a peak value, and deteriorates rapidly. Accel-
erations in the two media have approximately the same shape, a 
short time after the peak values have been reached. 
One of the most significant differences between the wave 
parameters for Voigt and elastic waves is the gradual arrival of 
Voigt waves compared to the relatively abrupt arrival of elastic 
waves. This is most strikingly illustrated in the case of part-
icle velocity wave front arrivals, the slopes (with respect to 
time) of which are the accelerations discussed in the previous 
paragraph. 
The peak values of the wave parameters were found to 
attenuate at approximately constant rates as functions of 
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radial distance, out to six cavity radii for the parameters 
investigated. Damping has its largest affect on the peak values 
of acceleration, and its least overall affect on displacement. 
Radial stress atone cavity radius is equal to the applied 
pressure pulse. At small radial distances the stresses and 
strains naturally differ very little between the two media. At 
distances greater than two cavity radii these parameters are 
much smaller for the Voigt medium than for the elastic. 
Peak values of radial wave parameters were compared for 
elastic and Voigt media (Figures 31 through 35) out to a radial 
distance of six cavity radii, for w0 = 600, aa = 3000, and 
S/a = 4. The peak values of displacement were found to decay 
at a rate of approximately -1.7 (up~ r~ 1 ' 7 ) in a Voigt medium 
compared to an average decay rate in an elastic medium of about 
-1.4 over the same radial range. These decay rates are depend-
ent somewhat on the elastic properties of the medium. 
Voigt particle velocity peak values decay at a rate, -1.9 
compared to -1.2 for elastic waves. The acceleration peak 
value attenuation rate for elastic medium is a constant -1.0 
independent of the properties of the medium and the pressure 
pulse parameters; whereas, Voigt acceleration peaks deteriorate 
at a rate of -2.6 over a distance from one to six cavity radii. 
The peak values of stress and strain in a Voigt medium decay at 
a rate of -2.3 compared to rates of -1.5 and -1.6 for stress 
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and strain respectively in an elastic medium. 
The decay rates given in the previous two paragraphs 
might be considered representative for displacement, particle 
velocity, and acceleration since the decay rates of those wave 
parameters were found, in the elastic problem, to be affected 
very little by changes in elastic constants, ~, and S/a. The 
decay rates for stress and strain peak values were found to be 
significantly affected by changes in aa and ~/a for small dis-
tances, therefore, Figures 34 and 35 could not be considered 
representative if the parameters were changed greatly. They do, 
however, illustrate the qualitative effects of damping in the 
Voigt model. 
The slow rise time for the Voigt waves at small values of 
time is illustrated for the particle velocity in Figures 36 
and 37. The wave parameters approach zero as the time approaches 
zero. This property of the Voigt model causes the arrival time 
of the wave front in theory to be at t = 0. For practical pur-
poses of course, the effective arrivals occur much later for 
large radial distances. Effective arrivals have not been defined 
but they might realistically be defined as arrivals of amplitudes 
in excess of some arbitrarily chosen value or some fixed percent-
age of the peak value. 
Comparison With Real Waves. Sauer, et al. (43) report atten-
uation rates for peak displacements that are greater than -2.0 at 
small distances and approach -1.0 at large distances. The Voigt 
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model with wo = 600, aa = 3,000, and B/a = 4, gives an atten-
uation rate aver~ging about -1.7 out to radial distance of six 
cavity radii. Larger attenuation rates would require consider-
ably larger values of the damping coefficient (smaller wo), 
and smaller rates approaching -1.0 at large distances would re-
quire that the Voigt model degenerate to the elastic model. 
Sauer, et al. (44) also give a composite correlation of 
peak particle velocity versus two logarithmic decades of scaled 
range, which shows an average attenuation rate of -1.65. The 
Voigt model gave an attenuation rate of -1.7 at small radial 
distance for wo = 1,200, ~ = 3,000, and S/a = 4, (Figure 32). 
At small radial distances real waves were reported to attenuate 
at rates greater than -3.0, with rates decreasing to -1.0 at 
large distances. [Ref. Sauer (45~ 
A composite correlation of first radial acceleration peaks 
for real waves, shows attenuation rates of -5.0 at small dis-
tances, -3.0 at intermediate and -2.0 at large distances [Ref. 
Sauer (46), and Appendix D ] . The Voigt model gave attenuation 
rates comparable to those of real waves in the intermediate to 
large distance range, for the parameter values investigated. 
Apparently, very large values of damping would be required in 
order to obtain attenuation rates for the Voigt model that 
approach those reported for peak acceleration at small radial 
distances. 
Voigt waves arrive much sooner than elastic or real waves. 
This early arrival time was noted by Clark, et al. (47) in 
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their investigation of Voigt waves generated ~y a single decay 
exponential pressure pulse. Clark attributed the early arrival 
of the wave front to the abrupt rise in magnitude of the press-
ure pulse (instantaneous rise time) and the rigid response of 
the Voigt model to abrupt changes in force. The early arrival 
of the wave front was found to be only slightly changed by em-
ploying the dual exponential pressure pulse, which exhibits no 
instantaneous rise time. The effective wave front arrivals ob-
tained for the dual exponential pressure pulse arrived much 
earlier than elastic waves, but only~ightly later than Voigt 
waves for the single exponential pressure pulse. 
Voigt waves exhibit significant pulse lengthening with 
travel distance as do real waves. They differ, however, in 
their pulse lengthening characteristics from those of real waves, 
in that they spread out in both directions from the arrival time 
predicted by elastic wave velocity. 
Conclusions. Comparison of theoretical wave propagation 
with real wave propagation is hampered by insufficient knowledge 
of the effective cavity radius. 
It appears that Voigt waves exhibit significant correlation 
with real waves at intermediate radial distances. The attenuation 
rates can apparently be made to agree fairly well in the inter-
mediate range of radial distances, and the Voigt waves show pulse 
lengthening. Probably the most significant difference occurs in 
the early arrival of Voigt waves. 
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A change in pressure pul.se shape from the si!J.gle decay 
exponential to the dual decay exponential apparently satisfies 
few if any of the objections to the Voigt model reported by 
Clark, et al. (48). 
At very small distances, the Voigt model would require an 
extremely large damping coefficient to give attenuation rates 
of the magnitude reported for real waves. At large radial dis-
tances the damping would have to become very small to give 
attenuation rates corresponding to those of real waves. In the 
latter case the Voigt model approaches the elastic, which no 
longer exhibits pulse lengthening. 
At best it appears that the Voigt model would be applicable 
only over relatively small range of radial distance. No com-
binations of damping and pressure pulse shape are expected to 
give significantly better correlation with real waves over a 
large range of radial distance. 
No simple scaling laws are applicable to Voigt waves if 
the elastic and viscoelastic properties of the medium are un-
altered. 
The validity of the series solutions (equations 20 through 
24) are attested to by the fact that they approach the 
appropriate elastic cases as w becomes large (Figures 26 
0 
through 30). Their validity is further supported by the close 
agreement with results obtained by numerical inversion (Appendix 
F). 
The Voigt curves which follow (Figures 21 through 37) were 
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Figure 21. Displacement vs. time for spherical waves 
in a granite Voigt medium for a normalized dual 
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Figure 22. Particle velocity vs. time for spherical 
waves in a granite Voigt medium for a normalized 
dual exponential pressure pulse, a~=3,000, S/a=4, 
k=60/a. 
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Figure 23. Acceleration vs. time for spherical waves 
in a granite Voigt medium for a normalized dual 
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Figure 24. Stress vs. time for spherical waves in a 
granite Voigt medium for a normalized dual 
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Figure 25. Strain vs. time for spherical waves in 
a granite Voigt medium for a normalized dual 











Figure 26. Displacement vs. time for spherical waves 
in Voigt and elastic granite media for a 
normalized dual exponential pressure pulse, 
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Figure 27. Particle velocity vs. time for spherical 
waves in Voigt and elastic granite media for a 
normalized dual exponential pressure pulse, 




























Figure 28. Acceleration vs. time for spherical waves 
in Voigt and elastic granite media for a 
normalized dual exponential pressure pulse, 




























Figure 29. Stress vs. time for spherical waves in 
Voigt and elastic granite media for a normalized 
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Figure 30. Strain vs. time for spherical waves in 
Voigt and elastic granite media for a normalized 
dual exponential pressure pulse, aa=3,000, S/a=4, 
r=l.Sa, k=60/a. 










Figure 31. Peak displacement vs. radial distance 
for spherical waves in Voigt and elastic 
granite media for a normalized dual exponential 















Figure 32. Peak particle velocity vs. radial 
distance for spherical waves in Voigt and 
elastic granite media for a normalized dual 
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Figure 33. Peak acceleration vs. radial distance 
for spherical waves in Voigt and elastic 
granite media for a normalized dual exponential 

















Figure 34. Peak stress vs. radial distance for 
spherical waves in Voigt and elastic granite 
media for a normalized dual exponential 
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Figure 35. Peak strain vs. radial distance for 
spherical waves in Voigt and elastic granite 
media for a normalized dual exponential 
pressure pulse, aa=3,000, S/a=4, k=60/a. 
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Figure 36. Velocity arrival$ vs. time for spherical 
waves in a granite Voigt medium for single and 
normalized dual exponential pressure pulses, 





















at t/k=4.07 ms. 
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Figure 37. Logarithmic velocity arrivals vs. 
time for spherical waves ~n a granite Voigt 
medium for single and normalized dual 
exponential pressure pulses, aa=3,000, 




SERIES SOLUTIONS FOR PLANE WAVES IN A THREE-ELEMENT 
LINEAR VISCOELASTIC MEDIUM 
Three-Element Models. There are four non-degenerate, 
three-element, linear viscoelastic models. Two of these are 
commonly called three-element elastic models, and they are 
equivalent. They are composed of an elastic element respectively 
in series with a Voigt model, and in parallel with a Maxwell model. 
The two remaining are the three-element viscous models which may 
be formed by adding a viscous element respectively, in series with 
a Voigt model, and in parallel with a Maxwell model. 
Transient waves in a semi-infinite three.~element rod were in-
vestigated in this research. The axial stress-strain relation-
ship for both of the three-element elastic models is 
where po, q , and qo depend only on the elastic and viscous 
1 
constants, and they take different forms for the two cases. 
( 2 6) 
In this investigation, an elastic element of modulus E in 
1 
series with a Voigt model of elastic modulus E and damping co-
2 
efficient n was assumed. The axial stress-strain relationship 
2 
can be written 
Cf = E: • (27) 
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Morrison (49) investigated both types of three-element 
viscoelastic rredia, and obtained integral solutions for the 
particle velocity and radial stress in a semi-infinite rod sub-
jected to a unit step velocity pulse at the free end. Lee and 
Morrison (50) investigated the stress distribution in a semi-
infinite rod subjected to a unit step velocity pulse and a unit 
step pressure pulse. Their investigations involved several 
models including the three-element viscoelastic, and their solu-
tions were left in integral form. Both papers give numerical 
examples in the form of graphs. Arenz (51) also investigated 
the three-element model, but he used an extension of the Schapery 
collocatioP inversion method to obtain numerical results. 
Series solutions for the particle velocity, acceleration, 
displacement, stress, and strain were derived. Three pressure 
pulses were utilized, the unit impulse, unit step, and the sin-
gle decay exponential. The details of the derivation of the 
wave parameters are given only for the single decay exponential 
pressure pulse, since it is the most complex of the three, and 
since it utilizes all of the principles involved in obtaining 
solutions for the other two pressure pulses. 





and the particle velocity is related to the displacement by 
au 




Newtons second law is expressed as 
ao av 
= p ax at ( 3 0) 
where the stress-strain relationship is given by equation 27. 
It is convenient to make the substitutions 
E2 = E, Et = xE, and n2 = E/wo 
and to re-write equation 27 in the form: [L _a + Cx•ll] xE [:. () + 1] a :: at E Wo at 
The assumed initial and boundary conditions are 
a(O,t) = - p (t) tL..o 
a ex' 0) = 0 x>O 
e:(x,O) = 0 
u (x, O) = 0 
v (x, 0) = 0 
and 
lim a (x, t) ::; 0. 
x+oo 
The Laplace transformations of equations 28 through 32 
( 31) 
( 3 2) 
(33) 
( 3 4) 
(35) 
(36) 
( 3 7) 
and equation 37, subject to the initial conditions given by equa-
tions 33 through 36 are, respectively: 
du (38) E: = dx 
v "" su ( 3 9) 
do ( 4 0) dx ::::; psv 
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[s/wo + (x+1)] o = xE [s/wo + 1] e:· ( 41) 
cr-c o , s ) = ~ P c s ) ( 4 2) 
and 
1 irn q ex, s) = o 
(43) 
Substitution of equation 39 into 40 gives 
do 2-dx = ps u, (44) 
and differentiation with respect to x, and substitution of 
equation 38 yields 
( 45) 
Combining equations 41 and 45 gives the diffenentia1 equation 
ps 2 [s/wo + Cx+l)] 
xE [s/wo +1] 
-cr 
= o. c 46) 
The solution of equation 46 subject to the conditions of e~uations 
42 and 43 is 
a(x,s) = -P(s) expl [ s/wo + Cx+1) J ~~ s/wo + 1 c 4 7) 
where 
The transform equations for v, u, and e: can easily be ob-
tained from equations 38, 39, and 40 in conjuction with equation 
47. 
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Wave Equation. Equations 28 through 31 can be manipu-
lated to give the wave equation 
a3y + a2v ~ (x+l)wo~ = c~ (48) 
where y can be any one of the parameters: u, v, A, a, or E. 
The transform solutions could have been obtained from the 
wave equation, but it is simpler, when using Laplace transforms, 
to work directly with equations 28 through 31. 
The transform solutions can also be obtained from the cor-
responding elastic solutions using the correspondence principle 
(Ref. Bland (52)]. 
Series Expansions. The pressure pulse was chosen to be 
-at the single decay exponential P(t) = Poe , whose Laplace trans-
form is 
P(s) =-= Po/(s+a). (4 9) 
When s is replaced in equations 47 and 49 by wos, and equation 




The expansion of Mikusinski (53) 
00 \) (-1) (n+Zv-1)! 
2n+ 2 v v! (n+v)! [
._x_J n+\l 
s+l 




ln conjunction with the exponential expansion 
(52) 
after replacing v by v-n, and changing the order of summation 
gives 
1+2 L _:_1 Zv-n-1 !X s · x oo v ( )v( ) n n [~ v 
v=l n=l z2v-n(n-l)! (v-n) !v! s+l . 
(53) 
If the expansion 
1 oo m-1 
= I 1 (-a/wo) 
m=l sm 
(54) S+ctfWo 
is employed with equation 53, one can write 
(55) 
Inverse Transformation. The series of terms involving the 
transform variable s in equation 55 can be inverted to the time 
plane by a term by term inversion using the relationships; 
di [ j-1 -t] 
___...,... t(j~~)! dtl 
dl [ j-1 -t] 
k{s~1}j] 




where i and j are integers. 
+ o(t) i=j 




. < 1 l~-
In order to simplify writing of the solutions, it is con-
venient to introduce the notation: 
dl 




E I . I . (t) 
l 'J 
j~l <:<T 
T e dT,dti~'''ldt2 
i<O 
The DE notation allows the solutions to be written without 
breaking up the series. For computational reasons, however, 
the separate D and E notations are preferred, since the deriv-
atives do not obey the same recursion relationship as the 
integrals. 
In order to further shorten the notation, a factorial 
function is introduced: 
F(v~n) = {,-1) \) czv,n",.l")! 
z2v ... nCv,.,n)! Cv)! Cn~l) l (v,l) ~ 
(58) 
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The inverse transformation of the right side of equation 
55 can be made term by term, employing the relationships given 
in equations 56. In the notation of equations 57 and 58 the 
inverse is 
1 
(s+a/wo) exp l- Xs [ (1+-X-J"-1 J 1 · e -at/wo s+l ~ · 
(59) 
co 00 \) 
+I I I 
m-1 xn \) (-a/wo) F(v,n) X DE (t) 
m=l \)=1 n=l n-m, v • 
[e -bs J After employing the 'cutoff theorem' f(s) ~ F(t-b) 
to equation 59, it may be substituted into equation SO to give 
the stress solution in the time plane. If t is replaced by wet, 
the solution is 
(60) 
for Z>O, where 
Z ~ T-X = wo (t-x/c1). 
Equations 39 and 40 can be combined to give 
u(x,t)~-1- acr(x,s) 
ps 2 ax 
(61) 
The displacement can be obtained in a manner similar to that used 
to obtain the stress solution. Multiplying equation 55 by l/ps 2 , 
inverting term by term, employing the cutoff theorem, replacing 
t by wet, and substitution into equation 61 gives 
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Wo 2 P d l- (~) 2 WoZ cC!lo) 2 e-aZ/wo ~ u(x,t) = ax + + a a a 
co co \) 
I I I m-1 F ( v, n) xn vDE (Z)I + (-a/wo) X n-m-2,v · 
m=l v=l n=l 
(6 2) 
Differentiation of equation 62 with respect to x gives 
ptJ.loC 1 ( t) Po U X' = :' ll-e -nZ/w, I + I. I ~ X v ( -o/ w,)m-1 xn-lF(v ,n) 
m=l v=l n=l 
jX DE (Z) - ZnXn-lDE 1 (Z)+n(n-l)Xn-ZDE 2 (Z)I ~ n-m,v n-m- ,v n-m- ,v • 
(63) 
The particle velocity and acceleration can be readily ob-
tained by differentiation of the displacement with respect to 
time, and the strain by differentiation of the displacement with 
respect to x. These differentiations are facilitated by the fact 
that 
~ DE. . (Z) = DEl.. +l . (Z) 
dt.. ~,J ,J . (64) 
The radial wave parameter solutions for the unit impulse, unit 
step, and single decay exponential pressure pulses are: 
Solutions for Unit Impulse Pressure Pulse (Z>o). 








v 1 DEn - 1 ' v ( Z) I ~;vcx,t) I v n-l X DE (Z)-n (67) = L X X F(v,n) n' v 
V'-"l n=l 
co 
~ A(x,t) = L Wo I X vxn- 1 F(v ,n) 1 X DE +1 (Z) -n DE (Z) I (68) n ,v n,v 
v=1 n=1 
P c-{- ~ E(X,t) = f.. 
Wo 
I XV F(v,n) 1 xn DE (Z) -2nXn-lDE 1 (Z) 
n,v n- ,v 
v=1 n=1 
+ n(n-1) xn- 2 DEn- 2 , v (Z) I ( 69) 
Solutions for Unit Step Pressure Pulse (Z~o). 
v 
- cr(x,t) = 1 + L I v n x X F(v,n) DEn- 1 ,v(Z) (70) 
v=l n=l 
PCJ:DoU(x,t) = z + 
00 \) 
L L x v xn - 1 F ( v , n) jl X DE _ 2 ( z) - nDE _ 3 ( z) l v=l n=1 n ,v n ,v ~ 
p Ci.\T (X, t) = 








( 7 2) 




- p cf E: (x, t) = 1 + I L xvFCv,n) DE l {Z) n- , v 
v=l n=l 
- ZnXn-lDE (Z) + n(n-1) xn- 2DE 3 (Z)I n-2,v n- ,v (74) 
Solutions fo~_Single Decay Exponential Pressure Pulse (Z>o). 
l_ cr( x, t) 
Po 
( 7 S) 
P~:'o u(x,t) ~ ~o ~1-e-aZ/wo~ + ~ ~ I x"C-:)m-lxn-lF(v,n) 
m=l v=l n=l 
(76) 
~~1 v(x,t) = e-a.Z/wo + 
«< 00 \) 
L L L xv(-~o)rn-lxn-lF(v,n) 
rn::;;l v;;;;l n=l 
(7 7) 
pel A(x,t) = 
PoWo 
a. e -aZ/wo + I I I xvc-:o)m-lxn-lF(v,n} 






- ~ e:(x,t) = 
<X> 
e-aZ/wo + L ~ v 01 m-1 L X (- -) ·p ( v, n) 
·We 
m==l v=l n"'l 
(79) 
Some Computational Details. For computational purposes 
it is desirable to separate the series solutions into those 
involving only derivative functions, and those involving only 
integral functions, since they obey different recursion relation-
ships. 




D0 . (Z) = E0 . (Z) 
'J 'J 
]. -1 -z 
== Z e 
D. 1 (Z) l ' 
-z 
e 
D . . ( Z ) = ( j - 1 ) D . l . l ( Z) ~ D . l . ( Z ) { i ~1 l,J 1- ,J- 1- ,J j>l 
E. 1 (Z) l ' 
2i-l 
= (i-1)! - Ei-1,1 (Z) 
E .. (Z) = (j-l)E .. 1 (Z)- E. l .(Z) {i_:_l l,J l,J- 1- ,J j>l 
(8 0) 
The series solutions written in terms of the function DE 
can be broken into series involving only D functions and those 
involving only E functions. For example, the stress for the 




co ()Q v xv(-~) k+n-lxnE (Z) 1 o (x, t) = + I I I F(v,n) - ro W0 k, V 
v=l k=l n=l 
00 \) n 
+ I 1: 2 x v ( _ ~) m- 1 xn Dn-m,v(Z) F(v,n) (81) Wo 
V""l n=l m=l 
where k is a new summation index equal to m-n. Additional de-
tails are given in Appendix E. 
Numerical Evaluation. The particle velocity for a dual 
exponential pressure pulse was investigated, employing super-
position of the solutions for the single decay exponential pres-
sure pulses: P(t) = Po e-at and P(t) = -P 0 e-et. 
The particle velocity (Figures 38 and 39) was found to be 
relatively insensitive to large changes in wo and changes in 
radial distance, for x = 1. Smaller values of x gave even less 
sensitive response to changes in wo. 
The three-element model approaches an elastic model of 
modulus xE for large damping, and a modulus xE/(x+l) as the 
damping approaches zero. Thus, the limiting response of the 
model is elastic, and there would therefore be a finite response 
at an infinite distance for any value of Wo· 
As x becomes large the elastic element E1 becomes rigid in 
comparison to the Voigt portion of the model for small to inter-
mediate values of damping; therefore, the response should ap-
proach that of the Voigt model for large X· 
The series solutions obtained are apparently severely re-
stricted as it was found that the series failed to converge 
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for x=Z, and for ~/w 0 >1. The series appeared to converge quite 
rapidly for x~l, ~/w 0 <l and for small X and T. 
The model was found to give a finite instantaneous re-
sponse with the arrival of the wave front at t = x/c 1 , for 
pressure pulses of instantaneous rise time. The single decay 
exponential pressure pulse, for example, gives an instantaneous 
response with the arrival of the wave front. The initial re-
sponse is maximum for small w • 
0 
For larger values of w the 
. 0 
peak values occur some time after the arrival of the wave front 
(Figure 40). 
Conclusions. It appears that the three-element elastic 
plane wave model is of little value as a model to represent real 
earth wave propagation. The attenuation is quite small for small 
values of x, and for large values the model approaches the plane 
wave Voigt model. The Voigt model for plane wave propagation has 
been shown (References 6 through 9) to be insufficient to de-
scribe explosive generated waves in rocks. 
The method of solution used on this model may offer aid in 
obtaining solutions to more complex models including the spheri-
cal wave problem with the three-element model. 
The validity of the solutions (equations 65 through 79) 
1s supported by the fact that the particle velocity approaches 
the appropriate elastic case as w becomes large (Figures 38 
0 
and 40). Close agreement with the results obtained by numerical 
inversion also supportstheir validity (Appendix F). 












w = 600 
0 
w = 300 
0 
Elastic Ee=xE 
I I I I I 
0 2 4 6 8 10 12 14 16 18 19 
t IU.S • 
Figure 38. Particle velocity vs. time for plane waves in elastic and three-
element viscoelastic granite media for a normalized dual exponential 
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Figure 39. Particle velocity vs. time for plane 
waves in a three-element viscoelastic granite 
medium for a normalized dual exponential 
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Figure 40. Particle velocity vs. time for plane 
waves in elastic and three-element viscoelastic 
granite media for a single decay exponential 
pressure pulse~ x=O, a=60, x=l. 
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CHAPTER VI 
SUMMARY, CONCLUSIONS, AND RECOMMENDATIONS 
Summary. A dual exponential pressure pulse of the form 
P(t) ~ Po (e -at_e-St) can be made to satisfactorily approximate 
explosive generated waves. The function is relatively simple, 
continuous, and easily scaled timewise. 
It is difficult to compare theoretical wave propagation 
with real wave propagation because of insufficient knowledge 
about effective cavity radii. In spite of this difficulty, it 
has been shown that spherical elastic waves are not sufficient to 
to describe real waves in rock generated by an explosive source. 
Elastic waves do, however, exhibit attenuation rates for peak 
values of particle velocity and displacement which are in close 
agreement with attenutation rates for real waves at large radial 
distances. Elastic waves differ from real waves in several im-
portant respects. Real waves show pulse lengthening with travel 
distance and elastic waves exhibit pulse shortening. The atten-
uation -rates for peak values of the wave parameters at small to 
intermediate distances are considerably greater for real waves 
than for elastic waves. Elastic wave arrivals are more abrupt 
than arrivals of real waves. 
At intermediate distances Voigt spherical waves exhibit 
several significant correlations with real wave phenomena. At 
small radial distances the Voigt model would require a very 
large damping coefficient to give attenuation rates comparable 
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with those observed for real waves. At very large distances 
the Voigt model would have to approach the elastic model to 
give decay rates comparable with those of real waves. 
For intermediate values of damping~ Voigt waves exhibit 
pulse lenthening with travel distance, but this lengthening 
occurs both directions from the arrival time predicted by elas-
tic theory or for real waves. The most significant difference 
between Voigt spherical and real waves, at intermediate travel 
distances is the early arrival of Voigt waves. 
No simple scaling laws apply to a viscoelastic medium if 
the elastic and viscoelastic properties remain unaltered. If 
the damping coefficient is scaled and the elastic properties 
are held constant~ viscoelastic waves obey the same scaling 
laws as elastic waves. 
Series solutions were obtained for plane waves in a three-
element, linear viscoelastic medium, for unit impulse, unit 
step, and single decay exponential pressure pulses. The inves-
tigation showed the model to be of little value as a model for 
real waves in rock. The response of the model is relatively 
insensitive to damping coefficient, for transient wave phenom-
ena. The methods of solution used on this model may be an aid 
in obtaining solutions for other viscoelastic models, including 
spherical waves in a three-element viscoelastic medium. 
Conclusions. The dual exponential pressure pulse gives 
theoretical wave phenomena which is in closer agreement with 
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real wave phenomena than that obtained employi·ng a pressure 
pulse function with instantaneous rise or fall time. The im-
provements in wave parameter characteristics caused by the em-
ployment of a more realistic pressure pulse did not, however, 
satisfy many of the objections to the elastic and Voigt models 
reported by other investigators. 
At best it appears that the elastic and Voigt models have 
very limited applications in predicting real wave phenomena. 
The Voigt model might be employed at intermediate distances and 
the elastic model at large radial distances, provided appropri-
ate values of effective cavity radius and pressure pulse magni-
tude could be found. Predictions based on elastic or Voigt 
theory should be considered as order of magnitude approximations. 
In the presence of sufficient experimental data and empirical 
procedures, the use of these models is questionable. 
Plane waves ~n a three-element viscoelastic medium offer 
little or no aid in the study of explosive generated waves in 
rock. 
The results of this investigation and others cited in the 
literature raise serious doubts that explosive generated waves 
in rock can be accurately represented by linear viscoelastic 
models. One fundamental fault of all linear viscoelastic models 
is that they all tend ultimately to behave either as elastic or 
VlSCOUS models. 
Recommendations. If further investigations of transient 
waves in viscoelastic media are undertaken, numerical inversion 
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techniques should be considered. 
Since it appears that viscoelastic models are not suffi-
cient to represent transient wave phenomena in rock; internal 
friction mechanisms other than, or in addition to, viscous 
damping should be investigated. 
An investigation of effective cavity radii should be made, 
as information of that type would greatly facilitate correlation 
of theory and real wave phenomena. 
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APPENDIX A 




a = Ee: 
ae: 
cr = 11 at 
(8 2) 
(8 3) 
Maxwell r~ :t . ~} = ~~ (84) 




Equivalent representatioris of the three-element elastic 
model. 
APPENDIX B 
DISPLACEMENT POTENTIAL FOR SPHERICAL ELASTIC WAVES 
The wave equation for spherical elastic waves is 
The imposed boundary conditions are 
and 
(A+2~) 82 ¢ + ~ ~ = -a = -P(t) 
ar 2 r ar r 
a(rp) 
at 
rep = o 
= 0 
lim rrp = a 
r + oo 
r=a, t>o 






( 9 2) 
The Laplace transformations of equations 88,89, and 92 subject 
to the conditions of equations 90 and 91 are respectively 
22 (r~) s2 
-
dr 2 c2 
{A+2Jl) d2cp 
dr 2 
lim r¢ = o 
r -+ oo 
+ 
(r~) = 0 
2/.. dtf> 




( 9 5) 
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The solution of equation 93 subject to the condition given by 
equation 95 is 
= Ae-sr/c (96) 
When equation 96 is substituted into equation 94 it yields 
the constant A: 
A = -aP(s) eas/c 
f,(A.+Z ) sZ + 4J1S + 411] ~ jl CZ" ac az (9 7) 
Substitution of the constant A into equation 96 yields 
= -P(s) a e-s(r-a)/c 
[o, + z jl) ~ ~ + !~ s + (98) 
If the dual exponential pressure pulse P(t) = Po (e-ot_e-at) 
is chosen, the transform pressure pulse is 
P(s) =Po [;+a. !.a] (99) 
From equations 98 and 99 it becomes quite obvious that super-
position can be employed and that the solutions for the dual 
exponential pressure pulse can be obtained by superimposing the 
solutions for P(t) = Po e-at and P(t) = -P 0 e-st. 
If the pressure pulse is the single decay exponential 
-at P(t) = Po e , the displacement potential in the transform 
plane can be written: 
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rcj> = -aPo [c2j(;>..+2J.l).l e-s(r-a)/c . 
(s+a) [s+Zc [J.l+ii(A.+Jl)w]] [s+Zc [J.l-il(>.+w)l.t]] (100) a(~+2p) a(A+2~) 




= exp [-a(t--c-)] 
~ r-a J -2C(Jl-i/(]\+Jl)J.l) (t- ) + exp c a(]\+ZJ.l) ( 101) 
After rearrangement and simplification the displacement potent-
ial can be written in the form given by equation 9 of Chapter 
III. 
APPENDIX C 
COMPUTATIONAL DETAILS FOR SPHERICAL VOIGT WAVES 
The wave parameters for spherical Voigt waves generated 
by the dual exponential pressure pulse were obtained by super-
position of the solutions for P(t) = P0 e-at and P(t) = -P 0 e-St. 
The two solutions were carried along simultaneously in the corn-
puter program in order to take .advantage of the time saving per-
mitted where calculations independent of a and B were required 
[eg. in the calculation of erfc(R/2/T) and D (R/12f)]. 
-n 
In order to facilitate computation, the series 
n=o m=o 
was expressed as the Cauchy product 
n=o m=o 
bmRn-m 
(n-m)J 2 (n+z)/2 T(n+z-1)/2 D (R/IZT) -n-z 
(102) 
(103) 
The b 's follow a simple recursion pattern. They are func-
m 
tions of the constants in the product 
The recursion for the b 's is 
m 







bk = - I 
i=l 
A. bk . 1 -1 
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k>6 
The parabolic cylinder functions can be calculated from the 
recursion [Ref. Collins (54)] 
where 
-Y 2 /4 Do (Y) = e 
D_ 1 (Y) =lrr/2 eY
2
/ 4 erfc(Y/12) 
(106) 
The complimentary error function was computed from the error 
function (erfc = 1.0 - erf) for arguments less than 3.6. The 
error functions can be calculated from any of several series ex-
pansions [Ref. (55)]. For arguments equal to or greater than 
3.6, the complimentary error function was calculated directly 
from an asymptotic expans1on. The value of the argument of 3.6 
was chosen because the two methods g1ve approximately equal ac-
curacy for that value. The accuracy of both methods is least 
for arguments near 3.6. 
The order and manner of multiplication is very important in 
the evaluation of the double series since some terms become very 
large and some very small (out of the range of the computer). 
Frequent checks of size of components and appropriate corrective 
actions were required throughout the computer program. [Ref. 
C 1 ark, e t. al . (56) ] . 
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l Calculate~..,p o'~,.A,c. I 
I 
Calculate and store two sets of n values of b 
m 
's (one set 
for the parameter 
a. ' and one for 13) from the expansion 
co 
1 
= .L Lb /sm/2 (s-y) [A] 3 m · 5 
m=O 
1 I Input- -r and t.J 
I 
I Calculate erfc (R/2/T). I 
I 
Calculate and store starting values 
of the parabolic cylinder functions, D o' and D -1· 
l 
Calculate additional parabolic cylinder 
functions as required, from the recursion 
(n+l) D_n_z(Y) = -Y D_n_ 1 (Y) + D -n (Y). 
I 
Calculate and store two sets (one for a. and one for ~) 
of the summation 
tt: b . Rn~m 2 Cn+z)/2 T (n+z -1) /2 D (R/ITF) m 
n::::O m=;O (hnm) ! ~n .. z. 
for z = Q I .., 1 ~ , 1 , ? ~ 7 , 
I 
Calculate the displacement, particle velocity, 
acceleration, stress, and strain for the 
single decay exponential pressure pulses. 
I 
Superimpose the solutions for the two pressure pulses to 
give the wave parameters for P(t)=P ( "a.t e-~t). o e ,.. 
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t ms. 
FiguTe 41. Example of free-field radial·motion from an 
underground explosion in NTS granite, gage 8-a, 








Figure 42. Example of field-free radial motion from an 
underground explosion in NTS granite, gage 8-u, 
Hard Hat') range 369 ft. {Ref. Perret (58)} 
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t sec. 
Figure 43. Particle velocity vs. time, Project Airvent, 











Particle velocity vs. time in salt, Project 
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Figure 45. Particle velocity vs. time in andesite, 
Project Longshot, 80 KT, slant range 2281 ft., 
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slant range, 10 2ft/kt 1/ 3 
Figure 46. Composite correlation of 
first radial acceleration peak, 
scaled to 1 KT, for detonations 
in salt, NTS granite, tuff, and 























0.1 ~------------~--~~----------------~ 100 1.0 10 
slant range, 10 2ft/kt 1 / 3 
Figure 47. Composite correlation of first 
particle velocity peaks, scaled to 1 
KT, for detonations in salt, NTS granite, 
and tuff. {Ref. ~·,auer et al. {63)} 
APPENDIX E 
COMPUTER FLOW DIAGRAM FOR THREE-ELEMENT PLANE WAVES 
r Input~-x,E,c,-p ., 
I 
I Calculate and store a set of F ( v, n) .-~ 
I 
rinput-~~,S,w 0 ,P0 .j 
T I Input.- -x, t .j 
I 
jcalculate .. -X,T,Z .1 
I I Calculate and store a set of D. . (Z) ·I 
l' J 
I 
J Calculate and store a set of E. . (Z) ·I 
l 'J 
I 
Calculate the triple series involving E. . (Z) 
for a. and for (3. 1,] 
I 
Calculate the triple series involving D. . (Z) 
for a. and for s . 1,] 
T 
Combine the series to give the particle velocity 
for the pressure pulse P(t)=P ( -~t PBt). o e -e 
APPENDIX F 
SOLUTIONS BY NUMERICAL INVERSION 
One check on the validity of the series solutions of 
Chapters IV and V was that they approach the appropriate 
elastic cases as w becomes large. In order to obtain an 
0 
additional check on their validity, a numerical inversion 
technique was employed. Particle velocity curves were obtained 
for the elastic and Voigt spherical, and plane three-element 
models. 
The numerical inversion technique employed was that 
reported by Allen and Robinson (64). A summary of their 
method follows. 
The one-sided Laplace transformation of a function f(t) 
is given by co 
fe-st F(s) = f(t) dt. (107) 
0 
It is assumed that F(s) is known and that it is required to 
find f(t). If one substitutes 
t= (1/o) ln(l/sin r) 
into equation 107, the result is 
TI/2 
F(s) = (1/a) J cos r (sin r)s/cr-l g(r) dr 
0 
where 
g(r) = f [Cl/o) ln(l/sin r)J 
(108) 
(109) 
If s/o is allowed to t~ke on integral values of 2k, where 
k is an integer, equation 109 can be rewritten: 
7r/z 
F(Zkcr) = (1/cr) cos r (sin r) . g(r) dr. [ 
Zk-1 
The function g(r) defined on the interval (0,~/2) 
expanded in a sine series 
CXl 
g(r) = l:en sin 2nr. 
n=1 
In order to obtain the coefficients en' the product 





cos r (sin r)Zk- 1 = (112) 
(1/ZZk-1) '~ ( -1) k- j -1 [ ~r- ~- tn)] sin 2 (k- j) r 
where 
(z~i1) = 0. 
Substitution of equations 111 and 112 into 110 and integration, 
by orthogonality gives 
z2k- 1 a F(2ko) 
k-1 
= 1T/4 L:C-l)k-j-1 
j=O 
[ (2~-1)- (zn)]ck-j 
The constants en can be obtained from equation 113 by 
substituting k = 1, 2, ..• , n: 
and 
c 1 = (4/'IT) 2a F(2cr) 
3 
c 2 = (-4/lf) 2 a F(4cr) + 2c 1 
ck = (-1)k-l (4/lf) 2Zk-lo F(2ko) + 





The inverse function f(t) can be found for any value of 
time t by substituti~g 
r = sin-l (e-at) (115) 
into equation 111, where f(t) ~ g(r). 
Although the choice of a is arbitrary, the rate of 
convergence of the sine series (equation 111) depends on its 
magnitude. Allen and Robinson found that approximately 0.8n 
significant figures were required to compute n of the c 
n 
coefficients. In all of the numerical inversions of Figures 
48, 49, and 50, the series was carried to twenty terms since 
a double precision routine on the IBM 360 computer permitted 
sixteen significant figures to be carried. It was thus neces-
sary to choose a value of a which would give rapid convergence. 
Since one of the primary objects of performing the 
numerical inversion was to check the series solutions of 
Chapters IV and V, a choice of a was made by comparing the 
numerical solutions with the closed form solutions for the 
spherical elastic problem. Sigma was chosen to be 13.5, since 
that value appeared to give the· best agreement with the 
spherical elastic particle velocity (at r=l.Sa) of Figure 7. 
That value was arrived at by choosing the value of o which, 
of the several values investigated, gave a minimum sum of the 
absolute values of the differences between the exact solution 
and the numerical inversion. Any choice of cr between 10 and 
16 gave acceptable results, ·but the optimum choice appeared 
to lie between 13 and 14. 
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In Figures 48, 49, and 50, the particle velocity curves 
of Figures 7, 27, and 39 are compared with the results 
obtained by numerical inversion. The overall agreement is 
excellent, with differences generally less than two or three 
percent. The differences which do exist may well be attributed 
largely to errors in the numerical inversion since only twenty 


















Figure 48. Elastic spherical particle velocity obtained from the 
































Figure 49. Voigt spherical particle velocity 
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t ms. 
Figure 50. Three-element viscoelastic particle 
velocity obtained from the series solution 
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